We present a general framework for nonparallel brane worlds and use it to discuss the nonlinear radion problem. By imposing the Einstein frame as a gauge condition we are able to give the effective action for both Minkowski and (A)dS 4 branes. In particular we find the nonlinear radion does not disappear in the second Randall-Sundrum model. Pacs 11.25.Mj * jekim@phyp.snu.ac.kr † viollier@physci.uct.ac.za 1 Tremendous interest has been generated by the Randall-Sundrum models [1] and their generalization from Minkowski to (Anti) de Sitter branes [2] [3] [4] . In these models the five dimensional bulk is AdS 5 resulting in a warp factor which localizes gravity on the positive tension brane even when the coordinate bulk is made infinite by putting the negative tension regulator brane on the Cauchy horizon (RSII). A variant due to Kaloper [3] considers only a single dS 4 brane, the bulk being terminated on the associated horizon.
Tremendous interest has been generated by the Randall-Sundrum models [1] and their generalization from Minkowski to (Anti) de Sitter branes [2] [3] [4] . In these models the five dimensional bulk is AdS 5 resulting in a warp factor which localizes gravity on the positive tension brane even when the coordinate bulk is made infinite by putting the negative tension regulator brane on the Cauchy horizon (RSII). A variant due to Kaloper [3] considers only a single dS 4 brane, the bulk being terminated on the associated horizon.
For two-brane models there exists a scalar mode, the radion, corresponding to the interbrane distance [1] . Consequently one obtains [5] a scalar-tensor gravity which must respect the constraints provided by observation. Within linearized gravity the radion question has been extensively studied for flat [6, 7] as well as bent [8] [9] [10] branes, and such results as the (in)stability of (dS 4 ) AdS 4 branes established. It has further been found at the linear level that the radion disappears in the RSII model while in the case of AdS 4 branes it remains in the corresponding limit [8, 10] . A radion is also to be expected in Kaloper's model, but to our knowledge this issue has not been addressed.
There are two basic reasons for pursuing the radion problem beyond linear theory. First, without this one does not know its domain of validity and hence the reliability of conclusions drawn from it through singular limits. A particular example is the conundrum presented by the disappearance of the RSII radion: putting matter on an isolated brane displaces it from its vacuum position [5] , and one expects this scalar mode to be reflected in the metric [6] . Second, it has been suggested that the radion may play an important role in the early universe, as the inflation [11] and/or through brane collisions [12] [13] [14] , which necessitates knowing its nonlinear behaviour.
Regarding the nonlinear radion results are more scarce: defined as the position relative to a reference brane, Binétruy, Deffayet and Langlois [15] have examined the homogeneous radion in general, however the four-dimensional action obtained in this moduli space approach [16] is exceedingly awkward due to its nonlinear dependence on the radion velocity.
1 In the case of Minkowski branes, an effective action has been given by Chiba [18] using dimensional reduction which agrees with that of Kanno and Soda [19] who have further derived KaluzaKlein corrections. Unfortunately, the effective action of [18, 19] , which is the basis for the 'born again braneworld' model [14] , obtains by dimensional reduction from a metric ansatz [1] that has been criticised [6] for failing to solve the linearized equations. Chiba [18] has also given an effective action for the improved metric of [6] , but as that metric derives from linear theory the comparison is only meaningful when implemented in the Einstein frame.
Moreover, these ansatz do not lend themselves to the case of bent branes.
In this letter we examine the radion question from a different perspective: restricting to zero modes, we show that the bulk equations, together with the gauge condition that the effective action be in the Einstein frame, determines the metric. Our metric, which agrees with [6] at the linear level, has also been noted by Bagger and Redi [20] It is advantageous to choose a coordinate system such that g (5)µ5 = 0 and which admits Einstein spaces of constant 4-curvature,
Then at fixed x µ , dyϕ gives the distance along the fifth dimension. By restricting g µν to be y-independent we drop Kaluza-Klein corrections of order (bulk curvature length) 2 /(fourdimensional wavelengths) 2 [19] . In the Appendix we collected needed tensors. In particular,
The bulk action involves
up to a 4-divergence. The integral of the total y derivative is cancelled by the GibbonsHawking term in the action, and so may be omitted. Then, with
i.e. AdS 5 ,
It is clear from the Einstein equations outside the brane(s)
that we must impose a consistency condition
This leads to Ψ
where f is a function of y only, f = f (y) . So,
Both f (y) and the constant can be fixed by the condition that with ϕ = 1, Ψ = W (y) obtains for some background warp W ,
Different ϕ specify different "gauge choices" -essentially different ways of parametrizing distances along the fifth dimension at fixed x µ . Note that a brane bound observer cannot actually measure ϕdy which is only seen when viewed from above. Rather the observer must transmit a signal through the bulk (i.e. some closed string state) and for such gauge invariant physical observables all must agree on the result.
Equations (8, 10) are the nonlinear generalization of the condition obtained by Chacko and
Fox [8] . In the Randall-Sundrum models W (y) = e −ky on 0 < y < ℓ, the other region being given by orbifold symmetry; then eqs. (8, 10) are satisfied both by the naïve ansatz [1, 18, 19] Ψ(x, y) = e
and that of Charmousis et al [6, 18] Ψ
The gauge (11) directly leads via eq.(6) to a Brans-Diche theory in the Jordan frame of the positive tension brane [18] , ϕ(x) disappearing from the effective action as ℓ → ∞, the RSII limit. (Kanno and Soda [19] absorb ϕ(x) and the l-dependence into the Brans-Diche scalar which becomes unity for RSII). The improved gauge (12) in eq.(6) yields ϕ(x) as a ghost in the RSII model which is resolved by a conformal transformation to the Einstein frame where it disappears leaving pure tensor gravity. We credit the latter surprise to the following:
linearized theory is effectively formulated in the Einstein frame whereas the resummation in eq. (12) places it in the Jordan frame instead [18] . Further, for the 4-dimensional Einstein spaces of constant curvature [2] [3] [4] G µν = λg µν (13)
one obtains e.g. for the naïve ϕ(x, y) = ϕ(x)
so the integrals cannot be given in closed form.
Consider now imposing the gauge condition Ψ 2 ϕ = W 2 so the coefficient of R in the effective action is entirely fixed by the background and one is automatically in the Einstein frame.
by differentiating the integral relation between ϕ and Ψ
or upon rearranging
with solution
or
This same metric has been given in [20] . At the linearized level eqs. (12) and (20) agree with φ(x) = −2ϕ(x) . Here
and
In this gauge the integrals can be done completely [21] . The general result takes the form
[20]
where the last two terms are cancelled by S brane .
We now examine the consequences of the gauge eq. (20) beginning with the fine-tuned RS models [1] : Λ = 0, σ 0 = −σ l = 6k/K (5) , W (y) = e −k|y| . The relation between K and K (5) is
and the distance between branes is given by
e −2ky + φ = 1 2k ln 1 + φ e −2kl + φ .
Note that for all φ > 0, d 5 remains finite in the RSII limit of infinite coordinate bulk, l → ∞.
As the induced metrics on the branes are
One readily understands this: matter on the positive tension brane that would displace it from y = 0 in gaussian normal coordinates here instead is reflected in φ = 0 and an x-dependent distortion of geodesic distances [22] . Using eqs.(22,24,25)
Linear theory takes ω(φ) ≃ ω(0) = e 2kl [8] , whereas eq.(27) shows the limits φ → 0 and l → ∞ are not interchangeable. In fact there are three regimes which may be evidence by the canonically normalized scalar Φ
Hence, the perturbative regime is
) where Φ couples linearly to matter via the trace of the 4-dimensional stress energy tensor but with strength e −kl less than gravitational [5] ; this is absent for infinite coordinate bulk. The intermediate regime
so the coupling to matter is quadratic and despite being massless Φ produces no long range tree-level two-body forces (one-loop 2 Φ exchange generates a fractional charge to the newtonian potential of order K/r 2 ). The strong coupling region is √ KΦ ≫ 1, i.e. φ ≫ 1, which by eq.(25) describes brane collisions. It has been noted in [14] that the strong coupling in the Einstein frame is conformally equivalent to weak coupling in the Jordan frame of observers.
Next we consider the detuned models [2] [3] [4] where ℓ is not a free parameter, taking the AdS 4 case of eq. (15) as an example. Here Λ = λ/K < 0, σ 0 = (6k/K (5) ) tanh(kC),
) tanh(kl − kC) > −σ 0 so the potential term in eq. (23) is stable [8, 20] . The K − K (5) relation and d 5 are given by
respectively, and then ω(φ) obtains via eq. (22) . It is more useful, however, to note that observation restrict a bonafide cosmological constant to |λ| 1/2 < H 0 where H 0 ∼ 10
GeV is the present value of the Hubble constant, while k > meV from submilimeter gravity 
where the matter lagrangian L m is constructed using eq. 
GeV is rather loose; for larger H one should revert to a fivedimensional description to reflect that H ∼ ρ rather than H ∼ √ ρ as in the four-dimensional effective action [16] .
Finally we consider Kaloper's model, consisting of a single positive tension brane [3] . Here
from eq. (14), and
is the distance to the Cauchy horizon W (y H ) = 0. For
The distinctive features of this model are:
(i) the absence of a perturbative radion regime, ω(φ → 0) → ∞, despite which the
is well behaved, being massless, quadratically coupled to matter and quartically self-
(ii) the potential is stable whereas two dS 4 branes are unstable -this occurs because the hidden brane with tension σ l < −σ 0 is absent, being replaced by the horizon.
In conclusion, we have re-examined the nonlinear radion problem at the zero-mode level while imposing the gauge condition that the dimensionally reduced effective action be in the Einstein frame. Our main results for two-brane models, eqs.(32, 29) establish that the radion in RSII does not disappear but rather changes its character. This is in broad agreement with expectations [6, 22] and in contrast to previous formulations [18] . Generally, the scalar φ in our effective action eq.(32) exhibits three regimes depending on its value compared to 3 We omit there the region φ ≪ cosech 2 (ky H ) where
as it is tiny for cosech (ky H ) < 10 −30 . In this appendix, we give expressions of Ricci tensor and Ricci scalar with the metric of eq.(1). The Christoffel symbol is
Explicitly, they are
Contractions give
Then from
we obtain the Ricci tensors,
Similarly, we obtain 
